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The sound pressure (P) and sound power (N) of such a sour-
ce according to the research data is determined by the expre-
ssions:

         (1)

where 
R  is the radius of the circle, m
ρ0 C0  is the air density (kg/m3) and speed of sound in the air 

(m/s);
ω circular oscillation frequency, rad/s;
k0  is the wave number, m-1;
r  is the distance from the noise source to the reference 

point, m;
Vk  is the oscillation speed of the circle, m/s.

Given the known physical and mechanical characteristics 
and data of paper [2] the expression levels of sound pressure 
and sound power were obtained:

        (2)

           (3)

where 
fk is the natural frequency of the noise source, Hz.

Two options for calculating the natural frequencies and ve-
locities of the oscillations are considered in this section.
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1. INTRODUCTION

The kinematic features of the modern thread-grinding and 
spline-grinding machines are the low rotation frequencies 
of the workpieces and using hydrostatic bearings in high-fre-
quency grinding heads, as well as stepless drives, which su-
ggests that the main sources of sound energy radiation and 
excess of the sound pressure levels at the operator‘s workpla-
ces over the sanitary standards are grinding wheels and work-
pieces being processed.

2. JUSTIFICATION OF THE NOISE SOURCE 
MODELS

The geometric configurations of such radiating elements 
allow to use two types of noise sources:
- a round plate fixed in the center for grinding wheels;
- a beam of limited length for both threaded parts and spline 

shafts to be processed.

Grinding wheels are cantilever-fitted round discs mounted on 
the spindle of the grinding head (Fig. 1)

Fig. 1: Layout of the cutting unit
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𝑷𝑷 = 𝑹𝑹𝟐𝟐𝝎𝝎 𝝆𝝆𝟎𝟎 𝑽𝑽𝒌𝒌 
𝟐𝟐𝒓𝒓     and    𝑵𝑵 = 𝝅𝝅 𝑹𝑹𝟐𝟐𝝆𝝆𝟎𝟎 𝑪𝑪𝟎𝟎 (𝒌𝒌𝟎𝟎 𝑹𝑹)𝟐𝟐𝑽𝑽𝒌𝒌𝟐𝟐

𝟐𝟐     (1) 
 
where R is the radius of the circle, m 
𝝆𝝆𝟎𝟎 𝑪𝑪𝟎𝟎  – is the air density (kg/m3) and speed of sound in the air (m/s); 
ω – circular oscillation frequency, rad/s; 
𝒌𝒌𝟎𝟎  – is the wave number, m-1; 
r – is the distance from the noise source to the reference point, m; 
𝑽𝑽𝒌𝒌 – is the oscillation speed of the circle, m/s. 
 
Given the known physical and mechanical characteristics and data of paper [2] the expression levels of 
sound pressure and sound power were obtained: 
 

𝑳𝑳𝒑𝒑 = 𝟐𝟐𝟎𝟎 𝒍𝒍𝒍𝒍 𝑽𝑽𝒌𝒌 𝒇𝒇𝒌𝒌
𝟐𝟐 + 𝟒𝟒𝟎𝟎 𝒍𝒍𝒍𝒍𝑹𝑹 + 𝟏𝟏𝟐𝟐𝟏𝟏      (2) 

𝑳𝑳𝑵𝑵 = 𝟐𝟐𝟎𝟎 𝒍𝒍𝒍𝒍 𝑽𝑽𝒌𝒌 𝒇𝒇𝒌𝒌 + 𝟒𝟒𝟎𝟎 𝒍𝒍𝒍𝒍𝑹𝑹 + 𝟏𝟏𝟏𝟏𝟏𝟏    (3) 
 
where 𝒇𝒇𝒌𝒌 is the natural frequency of the noise source, Hz. 
 
Two options for calculating the natural frequencies and velocities of the oscillations are considered in 
this section. 
 
2.1. First calculation option 
The first option takes into account the layout of the cutting unit according to Figure 1. For such a 
scheme, it is advisable to use an approach based on the functions of A.N. Krylov [3]. Then, for the 
sections of the cantilever (cutting tool) and the inter-bearing part, the deflection expressions are 
defined as follows: 
 

𝒚𝒚𝟏𝟏 =  𝑪𝑪𝟏𝟏𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀) + 𝑪𝑪𝟐𝟐𝑲𝑲𝟐𝟐(𝝀𝝀𝝀𝝀) + 𝑪𝑪𝟏𝟏𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀) + 𝑪𝑪𝟒𝟒𝑲𝑲𝟒𝟒(𝝀𝝀𝝀𝝀),    if    𝟎𝟎 ≤ 𝝀𝝀 ≥ 𝒃𝒃 
𝒚𝒚𝟐𝟐 =  С𝟏𝟏′ 𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀) + С𝟐𝟐′ 𝑲𝑲𝟐𝟐(𝝀𝝀𝝀𝝀) + С𝟏𝟏′ 𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀) + С𝟒𝟒′ 𝑲𝑲𝟒𝟒(𝝀𝝀𝝀𝝀),    if    𝒃𝒃 ≤ 𝝀𝝀 ≥ 𝒍𝒍𝟏𝟏  (4) 

 
where 𝑦𝑦1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦2correspond to deflections in the direction of the cutting force component Ру, and in 
the direction of the cutting force component Рz, 𝒃𝒃 and 𝒍𝒍𝟏𝟏 on fig. 1, C1,C2,C3,C4 are the integration 
constants 𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀),𝑲𝑲𝟐𝟐(𝝀𝝀𝝀𝝀),  𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀),𝑲𝑲𝟒𝟒(𝝀𝝀𝝀𝝀) – are the Krylov functions, defined as follows: 
 

𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀) = 𝟏𝟏
𝟐𝟐 (𝒄𝒄𝒉𝒉(𝝀𝝀𝝀𝝀) + 𝐜𝐜𝐜𝐜𝐜𝐜(𝝀𝝀𝝀𝝀) ); 

𝑲𝑲𝟐𝟐(𝝀𝝀𝝀𝝀) = 𝟏𝟏
𝟐𝟐 (𝒄𝒄𝒉𝒉(𝝀𝝀𝝀𝝀) + 𝐜𝐜𝐬𝐬𝐬𝐬(𝝀𝝀𝝀𝝀) ); 

𝑲𝑲𝟏𝟏(𝝀𝝀𝝀𝝀) = 𝟏𝟏
𝟐𝟐 (𝒄𝒄𝒉𝒉(𝝀𝝀𝝀𝝀) − 𝐜𝐜𝐜𝐜𝐜𝐜(𝝀𝝀𝝀𝝀) );       (5) 

𝑲𝑲𝟒𝟒(𝝀𝝀𝝀𝝀) = 𝟏𝟏
𝟐𝟐 (𝒄𝒄𝒉𝒉(𝝀𝝀𝝀𝝀) − 𝐜𝐜𝐬𝐬𝐬𝐬(𝝀𝝀𝝀𝝀) ); 

𝝀𝝀 = 𝟐𝟐,𝟓𝟓 𝒇𝒇𝒌𝒌𝟎𝟎.𝟓𝟓 (𝝆𝝆𝝆𝝆𝑬𝑬𝑬𝑬)
𝟎𝟎.𝟐𝟐𝟓𝟓

𝒍𝒍𝟏𝟏 
 
where 𝑓𝑓𝑘𝑘 – is the natural frequency oscillations, Hz; ρ is the density of the material, kg/m3; Y is the 
moment of inertia, m4; F – is the cross – sectional area, m2. 
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As the transverse forces in the end of the first and beginning 
of the second sections differ by the magnitude of the bearing 
reaction, taking into account the fact that the spindle is made 
of steel, and the moment of inertia, the following expression 
is obtained:

   (8)

where 
R    is the reaction in the spindle bearing, N; 
D1    is the diameter of the grinding wheel, m; 
D2 and d2  are the outer and inner diameter of the spindle, m.

Bearing reactions are obtained using a traditional method 
and are determined for the bearings A and B:

          (9)

        (10)

where 
 

  ; P(t) is the cutting force, N.

The expression for the deflection in this case will take the 
form:

        (11)

The oscillation velocity in this case is determined by the de-
pendence:

                            (12)

The resulting expression for y1 contains the constants  
C2, C4, and R, which can be determined from the conditions:

As a result, we get a system of three equations:

 (13)

The natural frequencies of the oscillations are obtained from 
the determinant

(14)

2.1. First calculation option
The first option takes into account the layout of the cutting 

unit according to Fig. 1. For such a scheme, it is advisable to 
use an approach based on the functions of A.N. Krylov [3]. 
Then, for the sections of the cantilever (cutting tool) and the 
inter-bearing part, the deflection expressions are defined as 
follows:

              (4)
where 
y1 and y2   correspond to deflections in the 

direction of the cutting force com-
ponent 

Ру   and in the direction of the cutting 
force component Рz, 

b and l1   on fig. 1, 
C1,C2,C3,C4   are the integration constants 
K1(λx), K2(λx), K3(λx), K4(λx) are the Krylov functions, defined 

as follows:

           (5)

where 
fk    is the natural frequency oscillations, Hz; 
ρ     is the density of the material, kg/m3; 
Y     is the moment of inertia, m4; 
F    is the cross – sectional area, m2.

The integration constants are determined from the boun-
dary conditions. The matching conditions, i.e., the equality of 
deflections, angles of rotation and bending moments for both 
sections of the cutting unit, as well as the jump of the tran-
sverse force equal in magnitude to the amplitude of the force 
action must be met at the point of application of the techno-
logical load.

In the first section:

   (6)

   (7)
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r – is the distance from the noise source to the reference point, m; 
𝑽𝑽𝒌𝒌 – is the oscillation speed of the circle, m/s. 
 
Given the known physical and mechanical characteristics and data of paper [2] the expression levels of 
sound pressure and sound power were obtained: 
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where 𝒇𝒇𝒌𝒌 is the natural frequency of the noise source, Hz. 
 
Two options for calculating the natural frequencies and velocities of the oscillations are considered in 
this section. 
 
2.1. First calculation option 
The first option takes into account the layout of the cutting unit according to Figure 1. For such a 
scheme, it is advisable to use an approach based on the functions of A.N. Krylov [3]. Then, for the 
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defined as follows: 
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𝟎𝟎.𝟐𝟐𝟓𝟓

𝒍𝒍𝟏𝟏 
 
where 𝑓𝑓𝑘𝑘 – is the natural frequency oscillations, Hz; ρ is the density of the material, kg/m3; Y is the 
moment of inertia, m4; F – is the cross – sectional area, m2. 
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where 𝒇𝒇𝒌𝒌 is the natural frequency of the noise source, Hz. 
 
Two options for calculating the natural frequencies and velocities of the oscillations are considered in 
this section. 
 
2.1. First calculation option 
The first option takes into account the layout of the cutting unit according to Figure 1. For such a 
scheme, it is advisable to use an approach based on the functions of A.N. Krylov [3]. Then, for the 
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𝒌𝒌𝟎𝟎  – is the wave number, m-1; 
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sound pressure and sound power were obtained: 
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The first option takes into account the layout of the cutting unit according to Figure 1. For such a 
scheme, it is advisable to use an approach based on the functions of A.N. Krylov [3]. Then, for the 
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where 𝑓𝑓𝑘𝑘 – is the natural frequency oscillations, Hz; ρ is the density of the material, kg/m3; Y is the 
moment of inertia, m4; F – is the cross – sectional area, m2. 
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The integration constants are determined from the boundary conditions. The matching conditions, i.e., 
the equality of deflections, angles of rotation and bending moments for both sections of the cutting 
unit, as well as the jump of the transverse force equal in magnitude to the amplitude of the force action 
must be met at the point of application of the technological load. 
 
In the first section: у1(𝑏𝑏) = у2(0) = 0 so 𝐶𝐶1 = 𝐶𝐶2 = 0. 
 
At the matching point of the two sections: 
 

у1(𝑏𝑏) = у2(𝑏𝑏)         (6) 
𝜕𝜕у1
𝜕𝜕𝑥𝑥 |𝑥𝑥=𝑏𝑏 = 𝜕𝜕у2

𝜕𝜕𝑥𝑥 |𝑥𝑥=𝑏𝑏        (7) 
 
As the transverse forces in the end of the first and beginning of the second sections differ by the 
magnitude of the bearing reaction, taking into account the fact that the spindle is made of steel, and 
the moment of inertia, the following expression is obtained: 
 

𝐷𝐷14
𝜕𝜕3у1
𝜕𝜕𝑥𝑥3 |𝑥𝑥=𝑏𝑏 = (𝐷𝐷24 − 𝑑𝑑24) − 9,7 ∙ 10−11𝑅𝑅,     (8) 

 
where R – is the reaction in the spindle bearing, N; D1 is the diameter of the grinding wheel, m; D2 and 
d2 are the outer and inner diameter of the spindle, m. 
 
Bearing reactions are obtained using a traditional method and are determined for the bearings A and B: 
 

𝑅𝑅𝐴𝐴 = 𝑃𝑃𝑝𝑝(𝑡𝑡) 𝛼𝛼+1
𝛼𝛼         (9) 

𝑅𝑅В = 𝑃𝑃𝑝𝑝(𝑡𝑡) 1
𝛼𝛼        (10) 

 
where 𝛼𝛼 = 𝑏𝑏

𝑙𝑙1
 ; P(t) is the cutting force, N. 

 
The expression for the deflection in this case will take the form: 
 

у1 = 𝐷𝐷14
𝐷𝐷24−𝑑𝑑24

[𝐶𝐶2𝐾𝐾2(𝜆𝜆𝜆𝜆) + 𝐶𝐶4𝐾𝐾4(𝜆𝜆𝜆𝜆)] Р
(𝑡𝑡)𝛼𝛼+1𝛼𝛼 ∙10−10

𝜆𝜆3(𝐷𝐷24−𝑑𝑑24)
     (11) 

 
The oscillation velocity in this case is determined by the dependence: 
 

𝑉𝑉𝑘𝑘 = 𝑑𝑑𝑦𝑦1
𝑑𝑑𝑡𝑡         (12) 

 
The resulting expression for y1 contains the constants C2, C4, and R, which can be determined from 
the conditions: 
 

𝜆𝜆 = 𝑏𝑏,   𝑦𝑦 = 0, 
𝜆𝜆 = 𝑙𝑙1,     𝑦𝑦 = 𝑦𝑦 = 0̈̇ . 

 
As a result, we get a system of three equations: 
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𝜕𝜕𝑥𝑥 |𝑥𝑥=𝑏𝑏        (7) 
 
As the transverse forces in the end of the first and beginning of the second sections differ by the 
magnitude of the bearing reaction, taking into account the fact that the spindle is made of steel, and 
the moment of inertia, the following expression is obtained: 
 

𝐷𝐷14
𝜕𝜕3у1
𝜕𝜕𝑥𝑥3 |𝑥𝑥=𝑏𝑏 = (𝐷𝐷24 − 𝑑𝑑24) − 9,7 ∙ 10−11𝑅𝑅,     (8) 

 
where R – is the reaction in the spindle bearing, N; D1 is the diameter of the grinding wheel, m; D2 and 
d2 are the outer and inner diameter of the spindle, m. 
 
Bearing reactions are obtained using a traditional method and are determined for the bearings A and B: 
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𝛼𝛼         (9) 

𝑅𝑅В = 𝑃𝑃𝑝𝑝(𝑡𝑡) 1
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where 𝛼𝛼 = 𝑏𝑏

𝑙𝑙1
 ; P(t) is the cutting force, N. 

 
The expression for the deflection in this case will take the form: 
 

у1 = 𝐷𝐷14
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The oscillation velocity in this case is determined by the dependence: 
 

𝑉𝑉𝑘𝑘 = 𝑑𝑑𝑦𝑦1
𝑑𝑑𝑡𝑡         (12) 

 
The resulting expression for y1 contains the constants C2, C4, and R, which can be determined from 
the conditions: 
 

𝜆𝜆 = 𝑏𝑏,   𝑦𝑦 = 0, 
𝜆𝜆 = 𝑙𝑙1,     𝑦𝑦 = 𝑦𝑦 = 0̈̇ . 

 
As a result, we get a system of three equations: 
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(сℎ𝜆𝜆𝑙𝑙1 − sin 𝜆𝜆𝑙𝑙1)   𝐽𝐽1𝐽𝐽2 (сℎ𝜆𝜆𝑙𝑙1 + sin 𝜆𝜆𝑙𝑙1)   сℎ𝜆𝜆(𝑙𝑙1−𝑏𝑏)+sin𝜆𝜆 (𝑙𝑙1−𝑏𝑏)
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐽𝐽1
𝐽𝐽2

(сℎ𝜆𝜆𝑙𝑙1 − cos 𝜆𝜆𝑙𝑙1)   𝐽𝐽1𝐽𝐽2 (сℎ𝜆𝜆𝑙𝑙1 + cos 𝜆𝜆𝑙𝑙1)  сℎ𝜆𝜆(𝑙𝑙1−𝑏𝑏)+sin𝜆𝜆 (𝑙𝑙1−𝑏𝑏)
𝜆𝜆3𝐸𝐸𝐽𝐽2 

|| = 0   (14) 

 
According to the standards of cutting modes [6], the cutting force is determined using the formula: 
 

Рр = 𝑁𝑁𝑝𝑝
𝑉𝑉𝑝𝑝

        (15) 

 
where 𝑁𝑁𝑝𝑝 – is the cutting power, 𝑉𝑉𝑝𝑝 = 𝜋𝜋𝑅𝑅𝑅𝑅

30  – is the cutting speed, m/s; n is the rotation speed, rpm, 
 

𝑁𝑁 = 𝐶𝐶𝑁𝑁𝑉𝑉3
𝑘𝑘1𝑆𝑆𝑝𝑝𝑘𝑘2𝑑𝑑𝑘𝑘3𝑏𝑏𝑘𝑘4 ∙ 103 cos(0,1𝑛𝑛 𝐾𝐾3 + 𝜑𝜑)    (16) 

 
where V3 –  is the workpiece speed of rotation; Sp – is the radial flow; d – is the circle diameter; b – is 
the circle width; K3 – is the coefficient of a circle grit; k2…k4 and СN – coefficients are specified in the 
tables of cutting conditions standards [4], φ =  arctg 𝑉𝑉3

𝑉𝑉𝑝𝑝
 

 
The scheme corresponds to the grinding of the thread with a multi-thread circle of a cantilever-fixed 
part. In this case, the cutting power is defined as 
 

𝑁𝑁 = 𝐶𝐶𝑁𝑁𝑉𝑉3
𝑘𝑘1𝑡𝑡𝑘𝑘2𝑆𝑆𝑏𝑏𝑝𝑝

𝑘𝑘3𝑑𝑑𝑘𝑘4 ∙ 103 cos(0,1𝑛𝑛 𝐾𝐾3 + 𝜑𝜑)     (17) 
 
where t – is the cutting depth, mm; Sbp – is the movement of the grinding wheel in the direction of its 
axis (mm) for one revolution of the workpiece. 
 
2.2. Second calculation option 
The second method (simplified) is based on the fact that sound energy inter-bearing part of the spindle 
is emitted in the internal air volume of the wheelhead body [5,6] and due to its high insulation has no 
effect on the formation of the sound field at the workplaces of the rolling and spline grinding machine 
operators. In this case, the radiation of the grinding wheel itself is taken into account, the oscillation 
velocity of which is determined from the differential equation 
 

𝑚𝑚𝑑𝑑2𝑌𝑌
𝑑𝑑𝑑𝑑2 + 2𝑚𝑚𝑚𝑚0

𝑇𝑇
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑑𝑑 = 𝑃𝑃(𝑡𝑡)      (18) 
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2.2. Second calculation option 
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operators. In this case, the radiation of the grinding wheel itself is taken into account, the oscillation 
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𝑚𝑚𝑑𝑑2𝑌𝑌
𝑑𝑑𝑑𝑑2 + 2𝑚𝑚𝑚𝑚0

𝑇𝑇
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑑𝑑 = 𝑃𝑃(𝑡𝑡)      (18) 
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The integration constants are determined from the boundary conditions. The matching conditions, i.e., 
the equality of deflections, angles of rotation and bending moments for both sections of the cutting 
unit, as well as the jump of the transverse force equal in magnitude to the amplitude of the force action 
must be met at the point of application of the technological load. 
 
In the first section: у1(𝑏𝑏) = у2(0) = 0 so 𝐶𝐶1 = 𝐶𝐶2 = 0. 
 
At the matching point of the two sections: 
 

у1(𝑏𝑏) = у2(𝑏𝑏)         (6) 
𝜕𝜕у1
𝜕𝜕𝑥𝑥 |𝑥𝑥=𝑏𝑏 = 𝜕𝜕у2

𝜕𝜕𝑥𝑥 |𝑥𝑥=𝑏𝑏        (7) 
 
As the transverse forces in the end of the first and beginning of the second sections differ by the 
magnitude of the bearing reaction, taking into account the fact that the spindle is made of steel, and 
the moment of inertia, the following expression is obtained: 
 

𝐷𝐷14
𝜕𝜕3у1
𝜕𝜕𝑥𝑥3 |𝑥𝑥=𝑏𝑏 = (𝐷𝐷24 − 𝑑𝑑24) − 9,7 ∙ 10−11𝑅𝑅,     (8) 

 
where R – is the reaction in the spindle bearing, N; D1 is the diameter of the grinding wheel, m; D2 and 
d2 are the outer and inner diameter of the spindle, m. 
 
Bearing reactions are obtained using a traditional method and are determined for the bearings A and B: 
 

𝑅𝑅𝐴𝐴 = 𝑃𝑃𝑝𝑝(𝑡𝑡) 𝛼𝛼+1
𝛼𝛼         (9) 

𝑅𝑅В = 𝑃𝑃𝑝𝑝(𝑡𝑡) 1
𝛼𝛼        (10) 

 
where 𝛼𝛼 = 𝑏𝑏

𝑙𝑙1
 ; P(t) is the cutting force, N. 

 
The expression for the deflection in this case will take the form: 
 

у1 = 𝐷𝐷14
𝐷𝐷24−𝑑𝑑24

[𝐶𝐶2𝐾𝐾2(𝜆𝜆𝜆𝜆) + 𝐶𝐶4𝐾𝐾4(𝜆𝜆𝜆𝜆)] Р
(𝑡𝑡)𝛼𝛼+1𝛼𝛼 ∙10−10

𝜆𝜆3(𝐷𝐷24−𝑑𝑑24)
     (11) 

 
The oscillation velocity in this case is determined by the dependence: 
 

𝑉𝑉𝑘𝑘 = 𝑑𝑑𝑦𝑦1
𝑑𝑑𝑡𝑡         (12) 

 
The resulting expression for y1 contains the constants C2, C4, and R, which can be determined from 
the conditions: 
 

𝜆𝜆 = 𝑏𝑏,   𝑦𝑦 = 0, 
𝜆𝜆 = 𝑙𝑙1,     𝑦𝑦 = 𝑦𝑦 = 0̈̇ . 

 
As a result, we get a system of three equations: 
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The natural frequency of the grinding wheel is modified as:

            (19)

where 
k – is the coefficient defining the natural frequency of a circle; 
E – is the modulus of elasticity, PA; 
ρ – is the density of the circle material, kg/m3.

Then the equation will take the form

             (20)

From this equation, a partial solution is found with respect 
to the modulus of the oscillation velocity

       (21)

where 
h – is the thickness of the grinding wheel, m.

The general solution is obtained taking into account the as-
sumptions that:

1. 
2.  the deflection of the cantilever part consists of the elastic 

displacements of the spindle bearing deformation [70]

          (22)

where 
jA and jE – are the stiffness of the front and rear bearings, re-

spectively, n/ m; 
  as well as the deflection of the cutting unit as an elas-

tic beam

           (23)

where 
I1 and I2 –  are the moments of inertia of the inter-piston canti  

lever sections of the spindle, m4.

Then the equation of free oscillations and the general solu-
tion with respect to the modulus of the oscillation velocity are 
defined as

           (24)

             (25)

According to the standards of cutting modes [6], the cutting 
force is determined using the formula:

                     (15)

where 
Np      – is the cutting power, 

 – is the cutting speed, m/s; n is the rotation speed,   
rpm,

                   (16)

where 
V3   –  is the workpiece speed of rotation; 
Sp   – is the radial flow; 
d    – is the circle diameter; 
b    – is the circle width; 
K3    – is the coefficient of a circle grit; 
k2…k4 and СN – coefficients are specified in the tables of 

cutting conditions standards [4],

The scheme corresponds to the grinding of the thread with 
a multi-thread circle of a cantilever-fixed part. In this case, the 
cutting power is defined as

               (17)

where 
t  – is the cutting depth, mm; 
Sbp – is the movement of the grinding wheel in the direction 

of its axis (mm) for one revolution of the workpiece.

2.2. Second calculation option
The second method (simplified) is based on the fact that 

sound energy inter-bearing part of the spindle is emitted in 
the internal air volume of the wheelhead body [5,6] and due to 
its high insulation has no effect on the formation of the sound 
field at the workplaces of the rolling and spline grinding ma-
chine operators. In this case, the radiation of the grinding whe-
el itself is taken into account, the oscillation velocity of which 
is determined from the differential equation

              (18)

where 
m – is the circle mass, kg; 
T – is the oscillation period, s; 
δ0 – is the logarithmic decrement of oscillations, equal to 0.32 
for grinding mandrels according to the data of paper [3]; 
C – is the system stiffness:
E – is the elastic modulus, Pa; 
I – is the moment of inertia, m4.
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𝐶𝐶2𝐾𝐾2(𝜆𝜆𝜆𝜆) + 𝐶𝐶4𝐾𝐾4(𝜆𝜆𝜆𝜆) = 0 

𝐽𝐽1
𝐽𝐽2

[𝐶𝐶2𝐾𝐾4(𝜆𝜆𝑙𝑙1) + 𝐶𝐶4𝐾𝐾2(𝜆𝜆𝑙𝑙1)] + 𝑅𝑅
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐾𝐾2[𝜆𝜆(𝑙𝑙1 − 𝑏𝑏)] = 0   (13) 
𝐽𝐽1
𝐽𝐽2

[𝐶𝐶2𝐾𝐾3(𝜆𝜆𝑙𝑙1) + 𝐶𝐶4𝐾𝐾1(𝜆𝜆𝑙𝑙1)] + 𝑅𝑅
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐾𝐾1[𝜆𝜆(𝑙𝑙1 − 𝑏𝑏)] = 0 

 
The natural frequencies of the oscillations are obtained from the determinant 
 

||
   сℎ𝜆𝜆𝜆𝜆 + sin 𝜆𝜆𝜆𝜆                   сℎ𝜆𝜆𝜆𝜆 − sin 𝜆𝜆𝜆𝜆                               0              
𝐽𝐽1
𝐽𝐽2

(сℎ𝜆𝜆𝑙𝑙1 − sin 𝜆𝜆𝑙𝑙1)   𝐽𝐽1𝐽𝐽2 (сℎ𝜆𝜆𝑙𝑙1 + sin 𝜆𝜆𝑙𝑙1)   сℎ𝜆𝜆(𝑙𝑙1−𝑏𝑏)+sin𝜆𝜆 (𝑙𝑙1−𝑏𝑏)
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐽𝐽1
𝐽𝐽2

(сℎ𝜆𝜆𝑙𝑙1 − cos 𝜆𝜆𝑙𝑙1)   𝐽𝐽1𝐽𝐽2 (сℎ𝜆𝜆𝑙𝑙1 + cos 𝜆𝜆𝑙𝑙1)  сℎ𝜆𝜆(𝑙𝑙1−𝑏𝑏)+sin𝜆𝜆 (𝑙𝑙1−𝑏𝑏)
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|| = 0   (14) 
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𝑚𝑚𝑑𝑑2𝑌𝑌
𝑑𝑑𝑑𝑑2 + 2𝑚𝑚𝑚𝑚0

𝑇𝑇
𝑑𝑑𝑑𝑑
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where V3 –  is the workpiece speed of rotation; Sp – is the radial flow; d – is the circle diameter; b – is 
the circle width; K3 – is the coefficient of a circle grit; k2…k4 and СN – coefficients are specified in the 
tables of cutting conditions standards [4], φ =  arctg 𝑉𝑉3
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The scheme corresponds to the grinding of the thread with a multi-thread circle of a cantilever-fixed 
part. In this case, the cutting power is defined as 
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where t – is the cutting depth, mm; Sbp – is the movement of the grinding wheel in the direction of its 
axis (mm) for one revolution of the workpiece. 
 
2.2. Second calculation option 
The second method (simplified) is based on the fact that sound energy inter-bearing part of the spindle 
is emitted in the internal air volume of the wheelhead body [5,6] and due to its high insulation has no 
effect on the formation of the sound field at the workplaces of the rolling and spline grinding machine 
operators. In this case, the radiation of the grinding wheel itself is taken into account, the oscillation 
velocity of which is determined from the differential equation 
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where m – is the circle mass, kg; T – is the oscillation period, s;  𝛿𝛿0 – is the logarithmic decrement of 
oscillations, equal to 0.32 for grinding mandrels according to the data of paper [3]; C – is the system 

stiffness: С =
3𝐸𝐸ℐ2

𝑙𝑙1
3 ; E – is the elastic modulus, Pa; ℐ – is the moment of inertia, m4. 

 
The natural frequency of the grinding wheel is modified as: 

𝑓𝑓ℎ = 𝑘𝑘
2𝑅𝑅 √

𝐸𝐸
𝜌𝜌𝜌𝜌       (19) 

where k – is the coefficient defining the natural frequency of a circle; E – is the modulus of elasticity, 
PA; ρ – is the density of the circle material, kg/m3. 
 
Then the equation will take the form 
 

𝑑𝑑2𝑌𝑌
𝑑𝑑𝑑𝑑2 + 5 ∙ 10−2 𝑘𝑘

𝑅𝑅 √
𝐸𝐸
𝜌𝜌ℎ  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + 0,75 𝑙𝑙2𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
 𝑦𝑦 = 0,32 𝑃𝑃𝑝𝑝

𝜌𝜌𝑅𝑅2ℎ  cos (0,1𝑛𝑛 𝐾𝐾з 𝑡𝑡 + 𝜑𝜑)   (20) 

 
From this equation, a partial solution is found with respect to the modulus of the oscillation velocity 
 

|𝑉𝑉𝑘𝑘𝑘𝑘| = 3,2∙10−5𝑃𝑃𝑃𝑃𝐾𝐾з
𝜌𝜌𝑅𝑅2ℎ ∑ sin(0,1 𝑃𝑃 𝐾𝐾з 𝑑𝑑+𝜑𝜑)

√(75 𝑅𝑅2 𝐸𝐸
𝜌𝜌𝑅𝑅2ℎ−𝑃𝑃

2𝐾𝐾з2)
2
+25∙10−2𝑅𝑅

2𝐸𝐸𝑛𝑛2𝐾𝐾з2
𝜌𝜌𝑙𝑙13ℎ

 ,    (21) 

 
where h – is the thickness of the grinding wheel, m.  
 
The general solution is obtained taking into account the assumptions that: 

1) 0,05 𝑘𝑘
𝑅𝑅 √

𝐸𝐸
𝜌𝜌ℎ ≪ 0,75 𝑅𝑅2 𝐸𝐸

𝜌𝜌𝑅𝑅2ℎ 

2) the deflection of the cantilever part consists of the elastic displacements of the spindle bearing 
deformation [70] 
 

𝑌𝑌1 = 𝑃𝑃
𝑗𝑗𝐴𝐴
(𝜆𝜆+1𝜆𝜆 )

2
+ 𝑃𝑃

𝑗𝑗𝐵𝐵
 1𝜆𝜆2 ,       (22) 

 
where 𝑗𝑗𝐴𝐴 and  𝑗𝑗𝐵𝐵 – are the stiffness of the front and rear bearings, respectively, n/ m; 𝜆𝜆 = 𝜌𝜌

𝑙𝑙1
, as well as 

the deflection of the cutting unit as an elastic beam 
 

𝑌𝑌2 = 𝑃𝑃 𝑙𝑙13 𝜌𝜌
3𝐸𝐸1ℐ1

+ 𝑃𝑃 𝑙𝑙13 
3𝐸𝐸2ℐ2

       (23) 
 
where ℐ1 and ℐ2 –  are the moments of inertia of the inter-piston cantilever sections of the spindle, m4. 
 
Then the equation of free oscillations and the general solution with respect to the modulus of the 
oscillation velocity are defined as 
 

𝑑𝑑2𝑑𝑑
𝑑𝑑𝑑𝑑2 + 0,75 𝑅𝑅2𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
 𝑦𝑦 = 0        (24) 
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|𝑉𝑉𝑘𝑘0| = [ 𝑃𝑃𝑗𝑗𝐴𝐴 (
𝜆𝜆+1
𝜆𝜆 )

2
+ 𝑃𝑃

𝑗𝑗𝐵𝐵
 1𝜆𝜆2 + 𝑃𝑃 𝑙𝑙13 𝑏𝑏

3𝐸𝐸1ℐ1
+ 𝑃𝑃 𝑙𝑙13 

3𝐸𝐸2ℐ2
] ∙ 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
sin 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
 𝑡𝑡,   (25) 

 
In this case, the oscillation velocity is determined by the expression: 
 

|𝑉𝑉𝑘𝑘| = [ 𝑃𝑃𝑗𝑗𝐴𝐴 (
𝜆𝜆+1
𝜆𝜆 )

2
+ 𝑃𝑃

𝑗𝑗𝐵𝐵
 1𝜆𝜆2 + 𝑃𝑃 𝑙𝑙13 𝑏𝑏

3𝐸𝐸1ℐ1
+ 𝑃𝑃 𝑙𝑙13 

3𝐸𝐸2ℐ2
] 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
sin 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
𝑡𝑡 + 3,2∙10−5𝑃𝑃𝑃𝑃𝐾𝐾з

𝜌𝜌𝑅𝑅2ℎ ∗

∑ sin(0,1 𝑃𝑃 𝐾𝐾з 𝑡𝑡+𝜑𝜑)

√(75 𝑅𝑅2 𝐸𝐸
𝜌𝜌𝑅𝑅2ℎ−𝑃𝑃

2𝐾𝐾з2)
2
+25∙10−2𝑅𝑅

2𝐸𝐸𝑛𝑛2𝐾𝐾з2
𝜌𝜌𝑙𝑙13ℎ

      (26) 

 
The oscillation velocity of a cantilever-fixed part is determined by a similar expression, taking into 
account the radius of the part (Rg), the length of the part (bg), the cantilever part (l1g) and the elastic 
modulus. 
 
 
3. CONCLUSION 
 
The obtained dependences allow us to theoretically determine the oscillation velocities of grinding wheels and 
cantilevered workpieces at their natural oscillation frequencies, use in the formula of sound pressure levels or 
sound power, and actually determine the levels of the spectral noise components. The obtained theoretical 
values can be used in the calculation of the operator's workplace noise and for development of the noise 
reducing structures. 
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where m – is the circle mass, kg; T – is the oscillation period, s;  𝛿𝛿0 – is the logarithmic decrement of 
oscillations, equal to 0.32 for grinding mandrels according to the data of paper [3]; C – is the system 

stiffness: С =
3𝐸𝐸ℐ2

𝑙𝑙1
3 ; E – is the elastic modulus, Pa; ℐ – is the moment of inertia, m4. 

 
The natural frequency of the grinding wheel is modified as: 

𝑓𝑓ℎ = 𝑘𝑘
2𝑅𝑅 √

𝐸𝐸
𝜌𝜌𝜌𝜌       (19) 

where k – is the coefficient defining the natural frequency of a circle; E – is the modulus of elasticity, 
PA; ρ – is the density of the circle material, kg/m3. 
 
Then the equation will take the form 
 

𝑑𝑑2𝑌𝑌
𝑑𝑑𝑑𝑑2 + 5 ∙ 10−2 𝑘𝑘

𝑅𝑅 √
𝐸𝐸
𝜌𝜌ℎ  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + 0,75 𝑙𝑙2𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
 𝑦𝑦 = 0,32 𝑃𝑃𝑝𝑝

𝜌𝜌𝑅𝑅2ℎ  cos (0,1𝑛𝑛 𝐾𝐾з 𝑡𝑡 + 𝜑𝜑)   (20) 

 
From this equation, a partial solution is found with respect to the modulus of the oscillation velocity 
 

|𝑉𝑉𝑘𝑘𝑘𝑘| = 3,2∙10−5𝑃𝑃𝑃𝑃𝐾𝐾з
𝜌𝜌𝑅𝑅2ℎ ∑ sin(0,1 𝑃𝑃 𝐾𝐾з 𝑑𝑑+𝜑𝜑)

√(75 𝑅𝑅2 𝐸𝐸
𝜌𝜌𝑅𝑅2ℎ−𝑃𝑃

2𝐾𝐾з2)
2
+25∙10−2𝑅𝑅

2𝐸𝐸𝑛𝑛2𝐾𝐾з2
𝜌𝜌𝑙𝑙13ℎ

 ,    (21) 

 
where h – is the thickness of the grinding wheel, m.  
 
The general solution is obtained taking into account the assumptions that: 

1) 0,05 𝑘𝑘
𝑅𝑅 √

𝐸𝐸
𝜌𝜌ℎ ≪ 0,75 𝑅𝑅2 𝐸𝐸

𝜌𝜌𝑅𝑅2ℎ 

2) the deflection of the cantilever part consists of the elastic displacements of the spindle bearing 
deformation [70] 
 

𝑌𝑌1 = 𝑃𝑃
𝑗𝑗𝐴𝐴
(𝜆𝜆+1𝜆𝜆 )

2
+ 𝑃𝑃

𝑗𝑗𝐵𝐵
 1𝜆𝜆2 ,       (22) 

 
where 𝑗𝑗𝐴𝐴 and  𝑗𝑗𝐵𝐵 – are the stiffness of the front and rear bearings, respectively, n/ m; 𝜆𝜆 = 𝜌𝜌

𝑙𝑙1
, as well as 

the deflection of the cutting unit as an elastic beam 
 

𝑌𝑌2 = 𝑃𝑃 𝑙𝑙13 𝜌𝜌
3𝐸𝐸1ℐ1

+ 𝑃𝑃 𝑙𝑙13 
3𝐸𝐸2ℐ2

       (23) 
 
where ℐ1 and ℐ2 –  are the moments of inertia of the inter-piston cantilever sections of the spindle, m4. 
 
Then the equation of free oscillations and the general solution with respect to the modulus of the 
oscillation velocity are defined as 
 

𝑑𝑑2𝑑𝑑
𝑑𝑑𝑑𝑑2 + 0,75 𝑅𝑅2𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
 𝑦𝑦 = 0        (24) 
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𝐶𝐶2𝐾𝐾2(𝜆𝜆𝜆𝜆) + 𝐶𝐶4𝐾𝐾4(𝜆𝜆𝜆𝜆) = 0 

𝐽𝐽1
𝐽𝐽2

[𝐶𝐶2𝐾𝐾4(𝜆𝜆𝑙𝑙1) + 𝐶𝐶4𝐾𝐾2(𝜆𝜆𝑙𝑙1)] + 𝑅𝑅
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐾𝐾2[𝜆𝜆(𝑙𝑙1 − 𝑏𝑏)] = 0   (13) 
𝐽𝐽1
𝐽𝐽2

[𝐶𝐶2𝐾𝐾3(𝜆𝜆𝑙𝑙1) + 𝐶𝐶4𝐾𝐾1(𝜆𝜆𝑙𝑙1)] + 𝑅𝑅
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐾𝐾1[𝜆𝜆(𝑙𝑙1 − 𝑏𝑏)] = 0 

 
The natural frequencies of the oscillations are obtained from the determinant 
 

||
   сℎ𝜆𝜆𝜆𝜆 + sin 𝜆𝜆𝜆𝜆                   сℎ𝜆𝜆𝜆𝜆 − sin 𝜆𝜆𝜆𝜆                               0              
𝐽𝐽1
𝐽𝐽2

(сℎ𝜆𝜆𝑙𝑙1 − sin 𝜆𝜆𝑙𝑙1)   𝐽𝐽1𝐽𝐽2 (сℎ𝜆𝜆𝑙𝑙1 + sin 𝜆𝜆𝑙𝑙1)   сℎ𝜆𝜆(𝑙𝑙1−𝑏𝑏)+sin𝜆𝜆 (𝑙𝑙1−𝑏𝑏)
𝜆𝜆3𝐸𝐸𝐽𝐽2

𝐽𝐽1
𝐽𝐽2

(сℎ𝜆𝜆𝑙𝑙1 − cos 𝜆𝜆𝑙𝑙1)   𝐽𝐽1𝐽𝐽2 (сℎ𝜆𝜆𝑙𝑙1 + cos 𝜆𝜆𝑙𝑙1)  сℎ𝜆𝜆(𝑙𝑙1−𝑏𝑏)+sin𝜆𝜆 (𝑙𝑙1−𝑏𝑏)
𝜆𝜆3𝐸𝐸𝐽𝐽2 

|| = 0   (14) 

 
According to the standards of cutting modes [6], the cutting force is determined using the formula: 
 

Рр = 𝑁𝑁𝑝𝑝
𝑉𝑉𝑝𝑝

        (15) 

 
where 𝑁𝑁𝑝𝑝 – is the cutting power, 𝑉𝑉𝑝𝑝 = 𝜋𝜋𝑅𝑅𝑅𝑅

30  – is the cutting speed, m/s; n is the rotation speed, rpm, 
 

𝑁𝑁 = 𝐶𝐶𝑁𝑁𝑉𝑉3
𝑘𝑘1𝑆𝑆𝑝𝑝𝑘𝑘2𝑑𝑑𝑘𝑘3𝑏𝑏𝑘𝑘4 ∙ 103 cos(0,1𝑛𝑛 𝐾𝐾3 + 𝜑𝜑)    (16) 

 
where V3 –  is the workpiece speed of rotation; Sp – is the radial flow; d – is the circle diameter; b – is 
the circle width; K3 – is the coefficient of a circle grit; k2…k4 and СN – coefficients are specified in the 
tables of cutting conditions standards [4], φ =  arctg 𝑉𝑉3

𝑉𝑉𝑝𝑝
 

 
The scheme corresponds to the grinding of the thread with a multi-thread circle of a cantilever-fixed 
part. In this case, the cutting power is defined as 
 

𝑁𝑁 = 𝐶𝐶𝑁𝑁𝑉𝑉3
𝑘𝑘1𝑡𝑡𝑘𝑘2𝑆𝑆𝑏𝑏𝑝𝑝

𝑘𝑘3𝑑𝑑𝑘𝑘4 ∙ 103 cos(0,1𝑛𝑛 𝐾𝐾3 + 𝜑𝜑)     (17) 
 
where t – is the cutting depth, mm; Sbp – is the movement of the grinding wheel in the direction of its 
axis (mm) for one revolution of the workpiece. 
 
2.2. Second calculation option 
The second method (simplified) is based on the fact that sound energy inter-bearing part of the spindle 
is emitted in the internal air volume of the wheelhead body [5,6] and due to its high insulation has no 
effect on the formation of the sound field at the workplaces of the rolling and spline grinding machine 
operators. In this case, the radiation of the grinding wheel itself is taken into account, the oscillation 
velocity of which is determined from the differential equation 
 

𝑚𝑚𝑑𝑑2𝑌𝑌
𝑑𝑑𝑑𝑑2 + 2𝑚𝑚𝑚𝑚0

𝑇𝑇
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 + 𝐶𝐶𝑑𝑑 = 𝑃𝑃(𝑡𝑡)      (18) 
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3. CONCLUSION

The obtained dependences allow us to theoretically determine 
the oscillation velocities of grinding wheels and cantilevered 
workpieces at their natural oscillation frequencies, use in the 
formula of sound pressure levels or sound power, and actua-
lly determine the levels of the spectral noise components. The 
obtained theoretical values can be used in the calculation of 
the operator‘s workplace noise and for development of the 
noise reducing structures.

In this case, the oscillation velocity is determined by the ex-
pression:

             (26)

The oscillation velocity of a cantilever-fixed part is determi-
ned by a similar expression, taking into account the radius of 
the part (Rg), the length of the part (bg), the cantilever part (l1g) 
and the elastic modulus.
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|𝑉𝑉𝑘𝑘0| = [ 𝑃𝑃𝑗𝑗𝐴𝐴 (
𝜆𝜆+1
𝜆𝜆 )

2
+ 𝑃𝑃

𝑗𝑗𝐵𝐵
 1𝜆𝜆2 + 𝑃𝑃 𝑙𝑙13 𝑏𝑏

3𝐸𝐸1ℐ1
+ 𝑃𝑃 𝑙𝑙13 

3𝐸𝐸2ℐ2
] ∙ 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
sin 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
 𝑡𝑡,   (25) 

 
In this case, the oscillation velocity is determined by the expression: 
 

|𝑉𝑉𝑘𝑘| = [ 𝑃𝑃𝑗𝑗𝐴𝐴 (
𝜆𝜆+1
𝜆𝜆 )

2
+ 𝑃𝑃

𝑗𝑗𝐵𝐵
 1𝜆𝜆2 + 𝑃𝑃 𝑙𝑙13 𝑏𝑏

3𝐸𝐸1ℐ1
+ 𝑃𝑃 𝑙𝑙13 

3𝐸𝐸2ℐ2
] 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
sin 0,9𝑅𝑅√ 𝐸𝐸

𝜌𝜌𝑙𝑙13ℎ
𝑡𝑡 + 3,2∙10−5𝑃𝑃𝑃𝑃𝐾𝐾з

𝜌𝜌𝑅𝑅2ℎ ∗

∑ sin(0,1 𝑃𝑃 𝐾𝐾з 𝑡𝑡+𝜑𝜑)

√(75 𝑅𝑅2 𝐸𝐸
𝜌𝜌𝑅𝑅2ℎ−𝑃𝑃

2𝐾𝐾з2)
2
+25∙10−2𝑅𝑅

2𝐸𝐸𝑛𝑛2𝐾𝐾з2
𝜌𝜌𝑙𝑙13ℎ

      (26) 

 
The oscillation velocity of a cantilever-fixed part is determined by a similar expression, taking into 
account the radius of the part (Rg), the length of the part (bg), the cantilever part (l1g) and the elastic 
modulus. 
 
 
3. CONCLUSION 
 
The obtained dependences allow us to theoretically determine the oscillation velocities of grinding wheels and 
cantilevered workpieces at their natural oscillation frequencies, use in the formula of sound pressure levels or 
sound power, and actually determine the levels of the spectral noise components. The obtained theoretical 
values can be used in the calculation of the operator's workplace noise and for development of the noise 
reducing structures. 
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